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Abstract
We present the locally supersymmetric formulation of unimodular gravity theory
in D (1 ≤ D ≤ 11) dimensions, namely supergravity theory with the metric tensor
whose determinant is constrained to be unity. In such a formulation, the usual fine-
tuning of cosmological constant is no longer needed, but its value is understood as an
initial condition. Moreover, the zero-ness of the cosmological constant is concluded
as the most probable configuration, based on the effective vacuum functional. We
also show that the closure of supersymmetry gauge algebra is consistent with the
unimodular condition on the metric.
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1. Introduction
Ever since Einstein’s ‘blunder’ [1], how to understand the zero or extremely small cosmo-
logical constant without fine-tuning has been a long-standing problem both at the classical
and quantum levels [2]. Lagrangian formulation of general relativity admits it, no known
symmetry forbids it, and up until recently, it was not even required empirically. Recent
Type Ia supernova observation [3] provides evidence that the universe is accelerating at a
greater rate now than in the past, and implies a non-zero cosmological constant (Λ 6= 0).
An interesting implication of this is that energy density ΩΛ associated with non-zero Λ is
of the same order of magnitude as the matter density of the universe, giving rise to so-
called second cosmological problem. This has led to a flurry of activity explaining the two
cosmological problems, and involves the anthropic principle [2][4], quintessence [5], new in-
teractions, extra dimensions, phase transitions, and space-time fluctuations. However, more
data are required before definite conclusions can be drawn. Here we address only the ‘first’
cosmological constant problem.
In a certain formulation, the cosmological constant problem can be understood as an
‘initial condition’ instead of extremely small number adjusted by hand as an artificial ‘fine-
tuning’. Such a theory is called ‘unimodular gravity’ theory, in which the determinant of
the metric tensor is constrained to be unity, originally developed in [6][7]. Motivated by the
development of a possible solution to the cosmological constant based on baby universe with
wormholes [8], the authors in [9] computed the effective vacuum functional in unimodular
gravity theory as
Z =
∫
dµ(Λ) exp
(
3π
GΛ
)
, (1.1)
where G is the Newton’s constant, and dµ(Λ) is the path-integral measure for the ‘scalar
field’ Λ(x). Even though Λ is initially a scalar field, it is constrained to be space-time
independent by a lagrange multiplier field. Similarly to wormhole models [8], this Z has a
singularity at G2Λ = 0, and therefore the most probable configuration is the one with the
vanishing cosmological constant Λ = 0.
Therefore, unimodular gravity theory provides not only the interpretation of the cosmo-
logical constant as an initial condition, but also the reason why the cosmological constant
should be zero. Unimodular gravity theory can also provide an alternative solution to the
strong CP problem [10].
Considering these developments in unimodular gravity theory, as a possible solution to
the cosmological constant problem in gravity physics and also to other fine-tuning problems
in particle physics, it seems imperative to consider its supersymmetric generalization, namely
to construct unimodular supergravity with local supersymmetry. In this paper, we take the
first step toward this direction, namely we present a unimodular supergravity theory with the
unit determinant of the metric tensor. We present the lagrangian formulation of unimodular
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supergravity, in which the metric has a unit determinant as a field equation aided by lagrange
multiplier fields. We confirm the closure of the gauge algebra, based on the universal notation
in superspace [11], in any arbitrary space-time dimensions D (1 ≤ D ≤ 11) in which
ordinary supergravity theory exists [12]. We use the superspace Bianchi identities [11] in
order to show the closure of the gauge algebra holds universally, as long as the ordinary
supergravity theory is possible.
Some readers may develop a question about the real necessity of unimodular formulations
for supergravity theories: Since the cosmological constant vanishes so long as supersymmetry
is not broken, why do we need to impose the unimodular condition to avoid the usual fine-
tuning of the cosmological constant? To answer this question, we mention examples of
non-vanishing cosmological constants in certain supergravity theories, such as massive ten-
dimensional (D = 10) type IIA supergravity [13] which has a free parameter proportional to
the cosmological constant, even though the action is invariant under proper supersymmetry
transformations. In this paper, we consider the fact that certain supergravity theories have
non-zero cosmological constant as a free parameter, but is still invariant under its proper
supersymmetry transformations. In other words, we take the standpoint that a unimodular
formulation for the cosmological constant is still important even in a supergravity theory.
2. Dimension-Independent Formulation of Unimodular Gravity
We start with the review of lagrangian formulation of non-supersymmetric unimodular
gravity in arbitrary space-time dimensions D. We then try to formulate unimodular su-
pergravity in an arbitrary D, as long as ordinary superspace formulation [11] is possible
[12].
As the basic principle, we start with the condition that the determinant of the metric
tensor is a constant. However, just for simplicity, we choose this constant to be unity. Then
the question is how one can impose such a condition on the ordinary Einstein’s general rela-
tivity, hopefully from a constraint lagrangian. Suppose the total lagrangian L is composed
of three terms LR, LM and LΛ, where LR is the standard Hilbert lagrangian, LM is
a general matter lagrangian whose details are not crucial here, and LΛ is the constraint
lagrangian introduced in order to fix the determinant of the metric tensor:3
L ≡ LR + LM + LΛ = +
1
4
e−1R(e) + LM + Λ(e
−1 − 1) . (2.1)
3We are using the signature
(
ηmn
)
= diag. (+,−,−, · · · ,−). The inverse power for the determinant e in
LC is due to the definition of e ≡ det
(
ea
m
)
complying with the notation in [11]. Accordingly, the scalar
curvature R(e) ≡ R(e, φ(e)) complies with the definition of the Lorentz connection φma
b in [11], and the
Hilbert lagrangian has the opposite sign to the most common notation [14].
2
The Λ ≡ Λ(x) is a real scalar auxiliary field, and e ≡ det (ea
m). Here we are using
the notation in [11] generalized to D -dimensional space-time [12][15], namely the indices
m, n, ,··· = 0, 1, ···, D−1 are for curved coordinates, while a, b, ··· = 0, 1, ···, D−1 are for local
Lorentz coordinates. In general, the matter lagrangian LM contains fermionic fields with
the vielbeins ea
m. The R(e) is the scalar curvature in terms of the Levi-Civita connec-
tion { ρµν} with no torsion, and all the possible torsion terms are separated in LM. The
gravitational field equation is
e δL
δem
a = −
1
2
[Ra
m(e)− 1
2
ea
mR(e)− κTa
m − 2ea
mΛ ]
·
= 0 , (2.2)
where κ is the gravitational coupling, and the symbol
·
= represents a field equation,
distinguished from algebraic identities. The Ta
m is the usual energy-momentum tensor
κTa
m ≡ +2eδLM/δem
a. Note that the scalar field Λ ≡ Λ(x) enters in the gravitational field
equation (2.2), as if it were the cosmological ‘constant’. Now taking the trace of (2.2) yields
Λ
·
= 1
2D
[
2−D
2
R(e)− κT
]
, (2.3)
where, as usual, T ≡ Tm
m. Using (2.3) back in (2.2), we get
Rmn(e)−
1
D
gmnR(e)
·
= κ(Tmn −
1
D
gmnT ) . (2.4)
Needless to say, this expression covers the familiar case of D = 4 in [2]. Now the usual
technique is to take the covariant divergence of (2.4) to get
∇n[Rm
n(e)− 1
D
δm
nR(e)− κTm
n + κ 1
D
δm
nT ]
= 1
2
∇mR(e)−
1
D
∇mR(e)− κ∇nTm
n + κ 1
D
∇mT
·
= − 1
D
∇m
[
2−D
2
R(e)− κT
]
·
= − 2∇mΛ
·
= 0 . (2.5)
Here ∇m has the Christoffel connection {
r
mn} only in terms of the vielbein with no torsion.
As usual, use is made of the Bianchi identity and the matter field equation
∇nRm
n(e) ≡ +1
2
∇mR(e) , (2.6a)
∇nTm
n ·= 0 , (2.6b)
together with the form for Λ in (2.3). Eq. (2.6b) is the energy-momentum conservation,
which is valid as long as LM is invariant under general coordinate transformations. Eq. (2.5)
implies nothing other than the constancy of Λ, and therefore the Λ-term in (2.2) can be
regarded as the cosmological constant in the gravitational field equation. In other words,
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in this formulation, the value of the cosmological constant is understood as an ‘initial con-
dition’ instead of ‘fine-tuning’ performed by hand [2][7][6]. Finally, the Λ-field equation
δL/δΛ
·
= 0 yields the unimodular condition
e
·
= 1 . (2.7)
Thus we have a lagrangian formulation in which the unimodular condition is automatically
derived from the total lagrangian.
3. Dimension-Independent Unimodular Supergravity
We now generalize this to supergravity in dimensions D (1 ≤ D ≤ 11) [12], as long as
it allows an invariant lagrangian in superspace formulation [11].
Let L be the total lagrangian composed of the usual supergravity and matter multiplets
part L0 which is locally invariant up to a total divergence, and the constraint lagrangian
LC:
L ≡ L0 + LC , (3.1a)
LC ≡ LΛ + Lρ ≡ Λ(e
−1 − 1) + e−1ρα[ i(γaψa)α − Tαb
b ] . (3.1b)
The spinorial auxiliary field ρα is needed as a ‘superpartner’ of Λ. Here the under-
lined spinorial indices α, β, ··· include all the possible internal indices, such as those for
Sp(1), SO(N) or dottedness for chiralities, etc. [12][15]. In our notation, the multiplication
by the γ -matrices satisfies (γaψa)β = (γ
a)β
γψaγ = −(γ
a)βγψa
γ .4 The Tαb
c in (3.1) is a su-
pertorsion component in superspace appearing in the general supersymmetry transformation
of the vielbein
δQea
m = +i(ǫγmψa)− ǫ
γ Tγa
beb
m , (3.2)
as is derived easily from eq. (5.6.28) in [11], with the universal constraint Tαβ
c = i(γc)αβ
in superspace. (Cf. (4.1) below). For Tαb
b in (3.1) or (3.2), we take the θ = 0 sector as is
usually expressed by the symbol | [11], but we omit this symbol consistently throughout in
this paper. In most formulations of supergravity in diverse dimensions [16], the second term
in (3.2) is usually absent, but we keep this term just for completeness. The Tαb
c can be
generally composed of fundamental superfields, but its detailed structure is not crucial here.
4There may well be some subtlety about the multiplication of the γ -matrices, depending on D, in which
the spinorial metric is not the antisymmetric charge-conjugation matrix Cαβ but just the Kronecker’s delta
δαβ [15]. Even though we do not go into the details of such a subtlety in this paper, our results will be
general for ∀D.
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Needless to say, L0 contains the Hilbert lagrangian + (1/4)R(e), so that the general
structure (2.1) is still valid even for supergravity lagrangian (3.1), when all the fields (includ-
ing ρα) other than the vielbein are separated from L0+Lρ and included into the ‘matter’
lagrangian LM. This is also the reason why we have put the factor e
−1 in Lρ for its
regular behavior as a spinor under the general coordinate transformations.
The supersymmetry transformation rules for the new fields Λ and ρα are
δQΛ = −e δQe
−1 = ǫα[ i(γaψa)α − Tαb
b ]Λ , (3.3a)
δQρ
α = eǫαΛ− eρα δQe
−1 = eǫαΛ + ραǫβ [ i(γaψa)β − Tβc
c ] , (3.3b)
while other component fields in L0 transform in the usual way. Some remarks are to
be made here. First, we note that our supersymmetry transformation rule must be also
constrained, such that the condition e
·
= 1 is satisfied. Second, using (3.3), we get the
supersymmetry transformation of the condition e−1
·
= 1 (2.7) as
eδQe
−1 = −ǫα[ i(γaψa)α − Tαc
c ]
·
= 0 =⇒ i(γaψa)α − Tαb
b ·= 0 . (3.4)
Third, the supersymmetry transformation of (3.4) itself should also vanish:
δQ[ i(γ
aψa)α − Tαb
b ]
·
= 0 . (3.5)
The explicit form of this can be seen in (4.2). In this sense, our supersymmetry transfor-
mation rule is ‘semi-on-shell’, namely all the conditions related to the unimodular condition
e
·
= 1 to be respected by the ‘constrained’ supersymmetry transformation. The word ‘semi’
is used, because we do not use field equations other than those related to the unimodular
condition (2.7).
We now confirm the invariance of the total lagrangian L0 under supersymmetry δQ:
δQ (L0 + LC) = δQLC
·
= − e(δQe
−1)Λ(e−1 − 1) + ΛδQe
−1
+ (δQe
−1)ρα[ i(γaψa)α − Tαb
b ] + e−1[ eǫαΛ− eρα(δQe
−1) ][ i(γaψa)α − Tαb
b ]
= + e(δQe
−1)Λ + Λ[ i(γaψa)α − Tαb
b ] = 0 , (3.6)
where we have used (3.5) and the fact that δQL0 = 0 up to a total divergence is taken
for granted. Our result is universal and applicable to any supergravity theory that allows a
superspace formulation [11] and lagrangian formulation [16].
As for the field equations in our unimodular supergravity, these are exactly parallel to
(2.2) - (2.7) for the non-supersymmetric case. This is because, as was also mentioned, the
structure of the total lagrangian (3.1) with local supersymmetry is exactly the same as
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that in (2.1), when all the gravitino-dependent terms and other fields (including ρα) in
L0 and Lρ are separated and collected into LM. In particular, this LM is to have the
regular invariance under general coordinate transformations, in order to have the energy-
momentum conservation (2.6b). For example, the factor e−1 in Lρ becomes important,
because if this factor were absent, then ρα would have to transform as a spinor ‘density’
instead of a regular spinor, which would modify the energy-momentum conservation (2.6b).
Eventually, the field equations (2.2) - (2.7) are still valid, yielding the same condition of
Λ
·
= const. with e
·
= 1. Hence we emphasize that our total lagrangian (3.1) is valid as
the locally supersymmetric unimodular supergravity lagrangian, and is applicable to any
supergravity theory with lagrangian formulation [12][16] in arbitrary dimensions D (1 ≤
D ≤ 11).
4. Closure of Gauge Algebra in Unimodular Supergravity
This section contains the most non-trivial part of our formulation. We confirm the closure
of gauge algebra on our supersymmetric unimodular conditions (2.7), (3.4) and (3.5). Note
that since the result in this section is algebraic, it is more general than the lagrangian
formulation of the previous section, as long as a given supergravity theory allows superspace
formulation [11].
The supersymmetry transformation of (2.7) yielded an additional condition (3.4). We
first review the derivation of (3.4) based on the general formulae (5.6.28) in [11]: First, we
get
δQea
m = −ǫβTβa
beb
m − ǫβψa
γTγβ
beb
m = −ǫγ [ + i(γm)γδψa
δ + Tγa
beb
m ] . (4.1)
Next, multiplying this by e−1em
a, we get δQe
−1 in (3.4). The supersymmetry transformation
of (3.5) in turn yields the additional condition
i(γaDa(φ̂)ǫ)β + ǫ
γ∇γTβc
c
+ i(γa)βγ
[
ǫδTδa
γ + ǫδTδa
bψb
γ + ǫδψa
ǫTǫδ
γ + ǫδψa
ǫTǫδ
bψb
γ
]
·
= 0 . (4.2)
The Lorentz connection φ̂ contains what is called the ψ -torsion [17] as well as other torsion
components via Tab
c: φ̂ma
b ≡ φ̂ma
b(e, ψ, T ). These will be given explicitly in (4.9). Eq. (4.2)
is easily confirmed by the expressions for δQψa
γ given in [11] and δQTβc
c = −ǫγ∇γTβc
c, as
0
·
= δQ[ i(γ
aψa)β − Tβc
c ] = −i(γa)βγ(δQψa
γ)− δQTβc
c
= − i(γa)βγ
[
Da(φˆ)ǫ
γ − ǫδTδa
γ − ǫδTδa
bψb
γ − ǫδψa
ǫTǫδ
ǫTǫδ
γ − ǫδψa
ǫTǫδ
bψb
γ
]
+ ǫγ∇γTβc
c . (4.3)
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The condition (4.2) dictates the space-time dependence of the parameter ǫα.
On the other hand, under translations, the determinant e−1 transforms as
δPe
−1 = −ξm∂me
−1 − e−1∂mξ
m = −∂m(e
−1ξm) , (4.4)
where ξm is the parameter for the translation. The non-trivial confirmation now is to see
whether the parameter ξm satisfies the condition
∂m(e
−1ξm)
·
= 0 , (4.5)
to be consistent with our first condition (2.7). In particular, the parameter ξm is to be
identified with that arising from the commutator of two supersymmetries ⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉ =
δP (ξ
m) [11]:
ξa ≡ i(ǫ1γ
aǫ2) . (4.6)
Eq. (4.5) is further rewritten via (4.6) as
i[Dm(φ̂)(e
−1ea
m) ](ǫ1γ
aǫ2) + [ ie
−1(ǫ1γ
aDa(φ̂)ǫ2)− (1 ↔ 2) ]
·
= 0 . (4.7)
The first term here can be further rewritten in terms of supercovariant anholonomy coeffi-
cients [11]:
Cab
c ≡ (ea
n∂neb
m − eb
n∂nea
m)em
c + i(ψaγ
cψb)− ψ⌊⌈a|
αTα|b⌋⌉
c + Tab
c
≡ Cab
c(e) + Cab
c(ψ, T ) , (4.8)
related to φ̂abc ≡ φ̂abc(e, ψ) as
φ̂abc = +
1
2
(Cabc − Cacb + Ccba) . (4.9)
The derivative factor in the first term in (4.7) can be re-expressed as
eDm(φ̂)(e
−1ea
m) = −Cab
b(ψ, T )
= −i(ψaγ
bψb) + ψa
αTαb
b − ψb
αTαa
b − Tab
b
= −ψa
β [ i(γbψb)β − Tβb
b ]− ψb
αTαa
b − Tab
b
·
= − ψb
αTαb
b − Tab
b . (4.10)
Here the first term in the penultimate line has vanished due to our condition (4.4). Now
using (4.10) in (4.7), we can confirm (4.5) via (4.7) as
0
?
= (ψb
αTαb
bξa − Tab
bξa) + [ i(ǫ1γ
aDa(φ̂)ǫ2)− (1 ↔ 2) ]
·
= − iψb
αTαa
b(ǫ1γ
aǫ2)− iTab
b(ǫ1γ
aǫ2)
+ ǫ
β
1 ǫ
δ
2
[
− i(γa)(β|γT|δ)a
γ − i(γa)(β|γT|δ)a
bψb
γ
− i(γa)(β|γψa
ǫTǫ|δ)
γ − i(γa)(β|γTǫ|δ)
bψb
γ −∇(βTδ)c
c
]
. (4.11)
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Here use is also made of the condition (4.2) to get rid of the derivative term of ǫ. The
symbol
?
= is used, because the equality under question has yet to be confirmed.
In order to simplify the term ∇βTδc
c in (4.11), we next use the supertorsion Bianchi-
identity
∇(βTδ)c
c +∇cTβδ
c − Tβδ
dTdc
c − Tβδ
ǫTǫc
c
− Tc(β|
dTd|δ)
c − Tc(β|
ǫTǫ|δ)
c − Rβδc
c ≡ 0 . (4.12)
Due to the universal constraint Tαβ
c = i(γc)αβ [11], the second term in the first line vanishes.
Because of (anti)symmetry of indices, the first term in the second line and the last term also
vanish. Eventually we get
∇(βTδ)c
c ≡ Tβδ
ǫTǫc
c + i(γc)(β|ǫTc|δ)
ǫ + i(γd)βδTdc
c , (4.13)
which, after the substitution into the last term in (4.11), simplifies the latter as
0
?
= − iψb
αTαa
b(ǫ1γ
aǫ2)− iTab
b(ǫ1γ
aǫ2)
+ ǫ
β
1 ǫ
δ
2 [− i(γ
a)(β|γT|δ)a
γ − i(γa)(β|γT|δ)a
bψb
γ
− i(γa)(β|γψa
ǫTǫ|δ)
γ + (γa)(β|γψa
ǫ(γb)ǫ|δ)ψb
γ
− Tβδ
δTǫc
c − iTc(β|
ǫ(γc)ǫ|δ) − i(γ
b)βδTdc
c ] (4.14a)
·
= ǫ
β
1 ǫ
δ
2 [ + i(γ
a)βδψb
γTγa
b − i(γa)(β|γT|δ)a
bψb
γ
− i(γa)(β|γψa
ǫTǫ|δ)
γ − iTβδ
ǫ(γcψc)ǫ ] (4.14b)
·
= 1
2
ǫ
α
1 ǫ
β
2 ψb
γ [ i(γa)(αβTγ)a
b − i(γb)(α|δT|βγ)
δ ] , (4.14c)
after various cancellation among like terms. In (4.14a), the last term in the first line and the
last term in the last line cancel each other, so do the first term in the second line and the
second terms in the last line. The last term in the third line vanishes due to the antisymmetry
(γaψb)(β|(γ
bψa)|δ) ≡ 0. From (4.14b) to (4.14c), use is also made of the condition (4.4)
replacing Tǫc
c by i(γcψc)ǫ. Now our last task is to show that (4.14c) vanishes. Fortunately,
this can be easily done by the use of another supertorsion Bianchi-identity
1
2
∇(αTβγ)
b − 1
2
T(αβ|
dTd|γ)
b − 1
2
T(αβ|
δTδ|γ)
b − 1
2
R(αβγ)
b ≡ 0 , (4.15)
where the first and last terms vanish. Eq. (4.15) implies that (4.14c) vanishes identically,
and therefore (4.5) vanishes as desired, via (4.11) and (4.7). This concludes our proof of
(4.5) for the parameter (4.2).
Before concluding this section, we briefly consider the closure of supersymmetry on our
new fields Λ and ρα. First, notice that the on-shell closure on these fields is easier to
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handle than the lagrangian invariance, because here we can use field equations. Second, as
has been mentioned, once the semi-on-shell condition (3.4) is considered, both of the fields
Λ and ρα do not transform. In other words, the commutator ⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉ vanishes,
when acting on both of these fields. At first sight, this sounds puzzling, because this also
means the absence of translation generated on both of these fields. However, note that the
field Λ is to be a constant after all, so that its translation is required to vanish. As for the
field ρα, it can be completely gauged away by an appropriate local supersymmetry in (3.3b),
when Λ
·
= const. In other words, any transformation of ρδ, including the usual translation,
can be re-absorbed into a new supersymmetry parameter. Therefore the vanishing of the
commutator ⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉ on both of these new fields poses no problem for closure of
supersymmetry.
5. N = 1 Unimodular Supergravity in D = 4 as An Example
Once we have established our general formulation of unimodular supergravity, it is easier
to look into some explicit examples. Here we give an example of old minimal supergravity
[18] in D = 4.
Complying with the superspace notation so far, we give the superspace constraints for
supertorsions and supercurvatures of D = 4, N = 1 old minimal supergravity [18] for the
component field content (ea
m, ψa
α, S, P, Am):
Tαβ
c = +i(γc)αβ , (5.1a)
Tαb
γ = − i
6
(γb)α
γ S − 1
6
(γ5γb)α
γ P − i
3
(γ5γbγ
c)α
γ Ac , (5.1b)
∇αS = +
1
2
(γab)αγ Tab
γ = + i
2
(γmRm)α , (5.1c)
∇αP = −
i
2
(γ5γ
ab)αγ Tab
γ = +1
2
(γ5γ
mRm)α , (5.1d)
∇αAb = +
3
4
(γ5γb
cd)α
γ Tcd
γ − 1
2
(γ5γbγ
cd)αγ Tcd
γ = +3i
2
(γ5Rb)α −
i
2
(γ5γbγ
cRc)α , (5.1e)
Tab
c = +2
3
ǫab
cdAd , (5.1f)
with Ra α ≡ −(i/2)(γa
bc)αβTbc
β, while all other remaining supertorsion components
Tαb
c, Tαβ
γ between the dimensionality 0 ≤ d ≤ 1 are zero. Here the underlined spinorial in-
dices are for the four-component spinors: α = 1, 2, 3, 4. The component invariant lagrangian
L0 of supergravity corresponding to (3.1a) [18] and LC of (3.1b) are
L0 + LC = +
1
4
e−1R(e, φ(e))− 1
2
ǫmnrsψmγ5γnDr(φ(e))ψs −
1
6
e−1(S2 + P 2 −A2m)
+ Λ(e−1 − 1) + ie−1ρα(γmψm)α , (5.2)
due to the absence of Tαb
c. The supersymmetry transformation rules corresponding equa-
tions to (3.2), (3.3a) and (3.3b) are simple, because we simply drop the last terms with Tαb
c.
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By adding also the transformations of ψa
α, S, P and Aa, we complete the supersymmetry
transformation rule as
δQea
m = +i(ǫγmψa) , (5.3a)
δQψm
α = Dm(φ(e, ψ))ǫ
α − i
6
(γmǫ)
αS + 1
6
(γ5γmǫ)
αP + i
3
(γ5ǫ)
αAm −
i
6
(γ5γm
nǫ)αAn , (5.3b)
δQS = −
i
2
(ǫγmRm) , δQP = −
1
2
(ǫγ5γ
mRm) ,
δQAm = −
3i
2
(ǫγ5Rm) +
i
2
(ǫγ5γmγ
nRn) , (5.3c)
δQΛ = +i(ǫγ
mψm) , (5.3d)
δQρ
α = +eǫαΛ+ ieρα(ǫγmψm) . (5.3e)
The previous invariance confirmation (3.6) for our total lagrangian L ≡ L0+LC is performed
in exactly the same way here, and also the closure on all the fields as in section 4 as well.
Note that even though we are using here the ‘off-shell’ formulation of D = 4, N =
1 supergravity with the old minimal multiplet [18], the closure of gauge algebra related to
the unimodular condition, i.e., those equations in section 5, are ‘semi on-shell’. This seems
inevitable, as long as we impose the unimodular condition from outside, even if it is implied
by ‘auxiliary’ multiplier fields Λ and ρα at the lagrangian level.
6. N = 1 Unimodular Supergravity in D = 11 as Another Example
As another instructive and useful application, we look at N = 1 supergravity in D = 11.
There is a slight difference in this system compared with the previous D = 4 case.
In our unimodular supergravity formulation, as some careful readers may have noticed, we
have seen that all the supertorsions/supercurvatures constraints in superspace have not been
modified, but there are additional constraints on fields such as (2.7) and (3.4), or constraints
on the supersymmetry parameter (4.2). In component language, this is equivalent to the
fact that all the transformation rules for the original fields, such as ea
m and ψa
α are not
modified formally, but these fields are more constrained than before by the constraints (2.7)
and (3.4), etc. The only new transformation rule is for the new fields Λ and ρα. Therefore
considering superspace Bianchi identities [11][19], there will be no ‘modifications’ for the
original field equations for the original fields.5 The only new ingredient is the constraints
(2.7) or (3.4) on the original fields, together with the constraint (4.2) on the supersymmetry
parameter.
Considering these points, it is now clear that in the case of N = 1 supergravity in
D = 11, there will be no cosmological constant possible. This is because all the original
5We use here the words ‘constraints’ distinguished from ‘modifications’, because all the original form of
field equations are formally maintained.
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field equations including also the gravitational one are maintained, allowing no cosmological
constant. To be more specific, the gravitational field equation implied by the original Bianchi
identities [11][19]
Rmn = −
1
3
(FmrstFn
rst − 1
12
gmnFrstuF
rstu) , (6.1)
stays the exactly the same even in the unimodular case with no cosmological constant. The
unimodular condition e
·
= 1 of (2.7) follows from the Λ-field equation δL/δΛ
·
= 0 consis-
tently with supersymmetry, while (6.1) forces not only Λ
·
= const. but also Λ
·
= const.
·
= 0.
Namely, we get Λ to be zero exactly, maintaining the original field equations consistent
under supersymmetry.
From this viewpoint, our formulation of unimodular supergravity is more meaningful,
when the value of cosmological constant is not determined by local supersymmetry itself,
such as in 1 ≤ D ≤ 10.
7. Effects of Superpartner Fields to Vacuum Functional
The vacuum functional (1.1) in unimodular gravity [9] had been derived, ignoring any
contributions to Z by matter fields other than graviton. However, in our unimodular
supergravity, there are superpartner matter fields, such as gravitino or other bosonic as well
as fermionic fields. Therefore, it is reasonable to ask about their possible contributions to
the vacuum functional. To answer this question, we point out that the derivation of (1.1) is
based on the assumption that the effects of ‘backgrounds’ (but not fluctuations) of matter
fields are negligible [20]. As a matter of fact, the vacuum functional (1.1) is derived from
Z =
∫
dµ(Λ) exp [− SΛ(gµν , φ)]
=
∫
dµ(Λ) exp [− SΛ(gµν , 0)]
=
∫
dµ(Λ) exp
(
3π
GΛ
)
, (7.1)
where SΛ(gµν , 0) = −3π/(ΛG) is the action for a four-sphere background metric gµν . In
other words, it is the ‘background’ values φ (distinguished from their original values φ)
of all the matter fields that might contribute to Z. In the non-supersymmetric case [9],
it is assumed that φ are all vanishing, and therefore, the second line in (7.1) follows. In
our present paper, we rely on the same assumption for superpartner fields in our unimodu-
lar supergravity in a given D -dimensional space-time, such as gravitino, fermionic matter
or higher-rank bosonic fields. Since the purpose of this paper is to consider the vanishing
of a cosmological constant within the given D -dimensional space-time, instead of com-
pactifications with Freund-Rubin type background values for bosonic fields, our assumption
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here seems quite legitimate. To conclude, the presence of superpartner fields in unimodular
supergravity theory does not upset the good feature with vacuum functional inherent in
unimodular non-supersymmetric gravity.
8. Concluding Remarks
In this paper, we have shown that the unimodular supergravity theory can be formulated
in any space-time dimensions D (1 ≤ D ≤ 11), in which ordinary supergravity theory exists
[12], based on the universal notation in superspace [11]. We have presented the supergravity
lagrangian that generates the unimodular determinant condition as a field equation of a mul-
tiplier field. We have confirmed the invariance of our lagrangian under local supersymmetry
up to total divergence. We have seen that the non-trivial closure of the gauge algebra is
confirmed with the help of Bianchi identities in superspace, in a highly sophisticated but
universal way applicable to any supergravity theory [11][16], independent of the space-time
dimensions D (1 ≤ D ≤ 11).
In section 2, we have presented a lagrangian formulation, assuming that the basic super-
gravity theory allows a lagrangian in D (1 ≤ D ≤ 11). Therefore those supergravity theories
allowing no lagrangian formulations, such as type IIA supergravity in 10D are excluded in
section 2. However, armed with the algebraic closure confirmed in section 4, we can also
include those supergravity theories even without lagrangian formulations. This is another
advantage of our analysis of gauge algebra in section 4.
As for the possible contributions by superpartner matter fields to the vacuum functional
(1.1), we have understood that the usual assumption for the background values (but not
their fluctuations) of matter fields to be vanishing, and will not affect the vacuum functional
(7.1). This is reasonable for fermionic fields such as gravitino, and other bosonic fields as
well, within a given D -dimensional space-time, in which a conventional supergravity theory
can be formulated. Therefore, the good feature of unimodular non-supersymmetric gravity
has been inherited to our unimodular supergravity.
Some readers may be wondering about other quantum behaviour of unimodular super-
gravity from a general viewpoint. For example, one might think that the condition of unit
determinant of the metric would introduce unphysical degrees of freedom, as it is equivalent
to a nontrivial gauge condition, and therefore unitarity of the theory is doubtful. Further-
more, at the loop level new divergences might appear as densities of arbitrary weight. Such a
worry, however, is not appropriate. This is because we have established supergravity formu-
lation of unimodular gravity, which is compatible with superstring whose quantum behaviour
is much better, or supposed to be finite to all orders, compared with general relativity. In
this context, we re-emphasize the importance of investigating supergravity formulation of
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unimodular gravity. It is not just pure curiosity that we need to establish supergravity for-
mulation for unimodular gravity, but it is only after supergravity formulation is established,
that we have a good control of the quantum behaviour of unimodular gravity theory.
The success of the universal formulation of unimodular supergravity indicates that the
concept of unit determinant for metric tensor has fundamental significance, compatible with
supersymmetry. In other words, the necessity of such a formulation in order to understand
the vanishing cosmological constant as an initial condition instead of fine-tuning by hand, is
compatible also with supersymmetry, which is another important concept in particle physics.
We believe that our results presented in this paper will provide a good working ground for
future study of unimodular supergravity/supersymmetry models that may provide solutions
for other ‘fine-tuning’ problems both in gravity and particle physics.
We are grateful to J. Gates, Jr. for helpful discussions. Special acknowledgment is due
to M. Luty for initial collaboration on the subject, and for suggesting to include the explicit
examples of D = 4 and D = 11 unimodular supergravity theories. Final acknowledge-
ment is due to the referee of this paper who helped us for clarifying important aspects of
unimodular supergravity.
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